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MOTION OF A THERMAL WAVE FRONT IN A
NONLINEAR MEDIUM WITH ABSORPTION

I. S. Granik and L. K. Martinson UDC 536.24

We study the evolution of a thermal perturbation in a nonlinear medium whose ther-
mal conductivity depends on the temperature and the temperature gradient according
to a power law.

We consider an incompressible medium whose thermal conductivity depends on the tempera-
ture and temperature gradient according to the power law

k== hkou®lgradul®, o, o = const>0.

Such a model of a medium, withgeneralization of the models used in the theory of nonlinear
heat conduction [1}, wasvalidated in [2] from the point of view of kinetic theory as a
model of a medium with a finite relaxation time,

As follows from the results of [3], thermal perturbations in such a medium, unlike a
medium with constant thermal conductivity, can be generalized to the form of thermal waves
with finite velocity of displacement of the fronts. Below, we study the features of the
motion of thermal wave fronts from an instantaneous point source of heat in the presence
in a given nonlinear medium of volume absorption of thermal energy, the intensity of which
‘depends on temperature according to a power law. Such absorption of thermal energy can be
caused by processes of ionization and radiation in a high-temperature medium [1, 4],

The corresponding process of propagation of heat is described by a Cauchy problem for
the quasilinear parabolic equation

O @ 0 [ ieyye| 9-“—) —Mw, 10, >0,
ot -t dx dx Ox
u (0, x) = Qb (x%). (1

Here Qo is the energy of a point thermal source at the initial time; Il =const >0 is the
coefficient of absorption, and s=1, 2, and 3 for the cases of plane, axial, and central
symmetries of the problem, respectively. Below, without loss of generality, we assume a*=1,
since by the choice of the time scale we can always reduce (1) to such form,

‘ For certain values of the exponent v in the lowest term of the equation we can find
exact analytical solutions of the problem (1). An analysis of these solutions shows that
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the volume absorption of heat changes the nature of the motion of the thermal wave front —
not only quantitatively but also qualitatively. We investigate certain ~f these selutions.
1. We consider the case when v=1, Then, using the substitution
u(t, x)="v(t, x)exp(—IIt), 2)

T(t) = T [l —exp(—thty)], T =T (2+ o)™

we transform (1) to a Cauchy problem in the half-strip G={(r, x):0=<1t <1Tp, x=0} for the
function v(t(t), x) =v(t, x)

dv 1 d setg| OU 1% 60)
—_— = — X — — ],
T X1 ox ( ox | oOx
v(0, x) = QO_(S (). 3)

The solution of this problem has the form [3]

a2 1/a+to a+2/a1 Jat+1/ato
A[ﬂ] [1_( * ) } , X< x,(T),

v(T, %)= v x,(7) (4)
0. x>, (3),
where |
N oo \*+ljl/ate
A= H o+ 2 ) } ’
T a2\ .
f~[<a+c)(s+ = )} . 5@ -, 5
C:_QB(«JF&){L(S)A a1 B s{e+ 1) 11 a1 }—-r(a-}—q)
o+ 2 at2 ' ato ’
2 for 5= 1,
L(s)=1{ 2n for s =2,
4z for 5= 3.

From (4) with account of (2) it follows that the thermal perturbation from the source
is propagated in the form of a thermal wave, where the position of its front at any time is
defined by the relation

x=x,(t)=Ctp]l —exp(— 2/1:,,,)]’. (6)

As can be seen from (6), in a medium with volume absorption of heat of indicated form (v=1),
we observe the effect of spatial localization of a thermal perturbation [5], when even after

an infinite time interval, the thermal wave front penetrates into the medium to only a finite
depth, i.e., %4(t)= xp <+= for any t € [0, +x).

Actually, from (6) it follows that for t-++w _ ‘
£, () > xp = Ctn=ClI(@-+a)l". (7)
From (7) we have

Xm ~ Q¥

The depth of penetration of the thermal wave front into a nonlinear medium with absorption
decreases with decreasing initial thermal energy of the point source and with increasing
value of the absorption coefficient.

2. Let the exponent of the lowest term in (1) be v=(1 — 0)/(1 + &) (o<1, v<1l). The
exact solution of (1) in this case can be found in the explicit analytic form
u(t x) M{ At_”aJ““[xﬂ_ (l)_xp]aﬂla-l—u’ x<x+ (t), .
O 0, x>x, (%), (8)
where p= (a+2)/(a+1), and the function x=x4(t), determining the position of the thermal
wave front at any time, has the form
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% = x, (Y = CE[{p=D — RJ}/?,
R = M [(1 — r)rifa+1CP}-4,

In Eqs. (8) and (9), the values of the constants A and C, and also of the parameter r, are
defined by Eqs. (5).

(9

From (9) it follows that, at first, in the medium there propagates a heating wave,
when x4(t) >0. During the motion, the velocity of the thermal wave front decreases, and
for t=To,, where

T, (r/R)p=r),

the front stops, having penetrated into the medium to a depth

1 —r\1/»
¥ == %, (To) = CT, (R ) .
r

Thus, in this problem, absorption also leads to the spatial localization of thermal per-
turbations,

For t>To, the heating wave alternates with a cooling wave (%+(t) <0 for t>To), the
thermal wave front changes the direction of its motion, and the dimension of the region of
the thermal perturbation begins to decrease with time,

At time t==Tm==R—1/P(1'r)’ the perturbation region contracts to a point and for t > Tp,
u(t, x) =0 for all x=0, 1In other words, in the problem being considered, the thermal per-
turbation of the instantaneous point source exists in a nonlinear medium with volume absorp~
tion of thermal energy only for a finite time Tp. It can easily be seen that Tp>+« as
I+0, i.e., a nonlinear effect of a finite time of existence of the thermal perturbation is
due to the effect of volume absorption of heat.

We can show that a thermal perturbation in the considered nonlinear medium with absorp=—
tion exists for a finite time if v<1l. This can be verified, considering in such a medium
the initial thermal perturbation in the form of an isothermal backgrecund with temperature
to > 0. Because of heat absorption, the temperature of the medium will decrease, where

() — YT, — W=, (< T,
0, t>T,,
and
1y
o W
Ty = 17(1——v)'

Therefore, for v<1, any initial perturbation with maximum temperature u™@X(0, x)=u, will
exist in a medium with absorption for a finite time Ty <Tx.

NOTATION

u, temperature; k, coefficient of thermal conductivity; t, time; x, spatial variable;
Xy, a point on the thermal wave front; a®, generalized coefficient of thermal diffusivity;
o, @, v, and s, parameters of the process; §(xS), Dirac delta-function; B[&, n], a beta
function; v(r, x), 1(t), auxiliary functioms; A, C, To, Tm, T#%, R, ¥, p, and Ty, constants
and parameters.
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